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Abstract
In this letter we give specific examples of ZN Lotka-Volterra competition models leading to the formation of string networks.
We show that, in order to promote coexistence, the species may arrange themselves around regions with a high number density
of empty sites generated by predator-prey interactions between competing species. These configurations extend into the third
dimension giving rise to string networks. We investigate the corresponding dynamics using both stochastic and mean field theory
simulations, showing that the coarsening of these string networks follows a scaling law which is analogous to that found in other
physical systems in condensed matter and cosmology.
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1. Introduction
May-Leonard models, also known as rock-paper-scissors type models, incorporate important rules associated with
the dynamics of networks of competing populations and are widely regarded as a useful tool in the understanding of the
mechanisms leading to biodiversity [1–3] (see also [4, 5] for the pioneer work by Lotka and Volterra). The simplest
models usually consider three species and allow for three basic actions (motion, reproduction and predation) but
several generalizations incorporating other interactions and further species have also been proposed in the literature
[6–13].
The study of the spatial dynamics of stochastic May-Leonard models in two-dimensions has revealed [14–22] the
emergence of complex spiralling patterns and interfaces (with or without junctions) whose dynamics is controlled by
the strength of the interactions between the individuals of the various species. In some of the models, the interface
dynamics has been shown to be curvature driven, in close parallel with the dynamics of cosmological domain walls
[23–25] or non-relativistic interfaces in condensed matter systems [26–31].
Interfaces in ideal soap froths and grain growth are characterized by an interface velocity which is proportional to
the mean curvature at each point. This property naturally leads to an increase of the characteristic scale of the network
L with physical time t as L ∝ t1/2, as a result of the gradual elimination of entire domains. On the other hand, the
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dynamics of cosmological domain wall, string and other p-brane networks has also been investigated in detail due to
their potential observational signatures. In particular, it has been demonstrated [32–35] that the same phase field and
velocity dependent one-scale models characterizing the dynamics of relativistic p-brane networks, in a cosmological
context, can also successfully describe, in a friction dominated regime, the dynamics of interfaces and strings in a wide
variety of material of condensed matter systems (with the L ∝ t1/2 scaling regime being obtained for a homogeneous
and time independent friction lengthscale [36]).
In the present letter we show that string networks may arise in the context of spatial stochastic models in three
spatial dimensions. We study specific models where predator-prey interactions give rise to strings characterized by
core regions with a high density of empty sites, investigating the corresponding evolution using both stochastic and
mean field theory simulations. We determine the scaling laws governing the string network dynamics, comparing with
the corresponding two-dimensional evolution and with curvature driven string network dynamics in other physical
systems.
2. The model
We consider a ZN Lotka-Volterra sub-family of the more general family of spatial stochastic May-Leonard models
introduced in Refs. [18, 19]. We focus on models with symmetric predator-prey interactions in which an individual of
any of the N species predates and is hunted by individuals of N − 3 other species, with probability p. In these models
individuals of N species and some empty sites (E) are initially distributed on a square lattice with N sites (the grid
spacing is ∆x = 1). The different species are labelled by i (or j) with i, j = 1, . . . ,N, and the cyclic identification
i = i + k N where k is an integer, is made. The sum of the number of individuals of the species i (Ii) and empty sites
(IE) is equal to the number of sites (N). At each time step a random individual (active) interacts with one of its four
nearest neighbors (passive). The unit of time ∆t = 1 is defined as the time necessary for N interactions to occur (one
generation time). The possible interactions are classified as Motion i  →  i , Reproduction i ⊗ → ii , or Predation
i (i + α)→ i ⊗ , where  may be any species (i) or an empty site (⊗) and α = 2, . . . ,N − 2.
Fig. 1 illustrates the possible predator-prey interactions in the cases with 4 and 5 species. For simplicity, we also
assume that the Motion (m) and Reproduction (r) probabilities are the same for all species. Throughout this letter we
shall take m = 0.15, r = 0.10 and p = 0.75. However, we verified that our main results also hold for other choices of
m, r and p.
Figure 1. Possible predator-prey interactions in the cases with 4 and 5 species.
As soon as the simulations start, individuals of the same species, originally spread out randomly throughout the
lattice tend to join each other to share common spatial regions. Moreover these regions are arranged so that they are
bounded by other domains dominated by species with which there is no predator-prey interaction. Such spatial config-
urations promote the coexistence of cooperating domains which may organize, either clockwise or counterclockwise,
around core regions with a significantly higher density of empty sites. We define these configurations as defect or anti-
defects depending on whether the species i, i+1, ..., i+ N−1 are arranged clockwise or counterclockwise, respectively
(string-like defects and anti-defects are characterized by symmetric winding numbers associated to the clockwise or
anti-clockwise vortex states). In two spatial dimensions, these are roughly circular regions, created by predator-prey
interactions between competing species. They define the defect/anti-defect cores whose average area is a function of
the interaction probabilities (m, r and p) but is roughly constant in time. When a defect is close to an anti-defect, they
may form a defect/anti-defect pair which is unstable to collapse (see, for example, [37] for more details).
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Consider the defect/anti-defect pair of 4 species shown in the left panel of Fig. 2. The average number of attacks
per unit time from individuals of the species i + 2 is larger than the average number of attacks from individuals of the
inner species i. This implies that individuals of the outer species tend to invade the territory of the inner ones causing
an approximation and annihilation of the defect/anti-defect pair. We shall show that the defect/anti-defect cores attract
each other, having a velocity which is, on average, inversely proportional to the distance between them. In contrast, a
pair of clockwise (or counterclockwise) defects (anti-defects) cannot annihilate; on the contrary, they repel each other.
The analogous 5 species case is shown in the right panel of Fig. 2.
Figure 2. This figure schematically describes the organization of the species around the defect cores. The black dots represent a topological
defect/antidefect pair of 4 (left panel) and 5 (right panel) species.
3. Results
Figure 3 shows two snapshots (taken after 5000 generations) from two-dimensional 5122 simulations, with peri-
odic boundary conditions, of the 4 species model (upper panels) and the 5 species model (bottom panels). The colors
blue, yellow, brown, light blue and orange in the left panel represent the species 1, 2, 3, 4 and 5 respectively. One sees
that the individuals of the various species dispose themselves around core regions where most of the predator-prey
interactions take place. Note that, as expected given the periodic boundary conditions, there is an equal number of
defects and anti-defects present. The empty sites, concentrated mainly at the defect/anti-defect cores, are highlighted
in the darker regions of the right panel, showing two pairs of defects/anti-defects. As the network evolves, the number
of empty sites decreases due to the annihilation of defect/anti-defect pairs, analogous to the coarsening dynamics of
liquid crystal textures in two-dimensional nematic liquid crystals [38].
In general, the extension to three spatial dimensions of the dynamics presented in Fig. 3 gives rises to a curved
string network as shown in Fig. 4. The snapshots were taken from a 1283 simulation after 730, 850, 920 and 1000
generations. Here the strings represent regions with a significant larger density of empty spaces (in order to improve
the visualization the density of empty spaces has been convolved with a gaussian filter function).
Whenever two strings intersect they intercommute (exchange partners). This process is responsible for the pro-
duction of string loops which collapse with a characteristic velocity roughly proportional to the loop characteristic
scale. The collapse of a string loop is curvature driven and it is associated to the existence of a defect/anti-defect pair
on any plane intersecting the loop. The processes of intercommutation and loop collapse are indicated by red arrows
in Fig. 4.
Let us now consider N + 1 scalar fields (φ0, φ1, φ2, . . ., φN) representing the fraction of space around a given point
occupied by empty sites (φ0) and by individuals of the species i (φi), satisfying the constraint φ0 + φ1 + . . . + φN = 1.
For N ≥ 4 the mean field equations of motion
φ˙0 = D∇2φ0 − rφ0
N∑
i=1
φi + p
N∑
i=1
N−2∑
α=2
φiφi+α, (1)
φ˙i = D∇2φi + rφ0φi − p
N−2∑
α=2
φiφi+α, (2)
describe the average dynamics of the models studied in the present letter. A dot represents a derivative with respect to
time and D = 2m is the diffusion rate.
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Figure 3. Snapshot of the evolution of the 4 (upper panels) and 5 (bottom panels) species model on a 5122 lattice after 5000 generations. The core
regions in the right panels represent the defect cores inside the small region of the left panel indicated by a box.
Figure 4. Snapshots obtained after 730, 850, 920 and 1000 generations of a 1283 stochastic network simulation with N = 5. The five species
are left uncolored while the blue regions represent regions with a significantly larger density of empty spaces. The vertical arrows signal an
intercommutation process while the horizontal ones indicate the collapse of a string loop.
We performed a set of three-dimensional mean field network simulations starting with initial conditions where at
each grid point a species s was chosen at random. Initial conditions with φi = 1 if i = s and φi = 0 if i , s were set at
each grid point (φ0 was set to zero at every grid point). Snapshots of a three-dimensional numerical simulation of the
4 species model running with D = 0.30 are shown in Fig. 5. One may observe the presence of intercommutations and
the collapse of string loops.
Indeed, the results provided by the mean field simulations mirror those obtained from the stochastic networks,
except for the noise (see the movie [39], done for the 5 species model, for more details).
This correspondence was also verified by comparing snapshots of 10242 simulations starting with similar initial
conditions. For this purpose we started by running the mean field simulations for 2000 generations. We then con-
structed the initial conditions of the stochastic simulations by randomly selecting a species or an empty space, at each
grid point, according to the probability distribution given by the mean field simulations. Fig. 6 shows three snapshopts
from mean-field (upper panels) and stochastic (lower panels) simulations of the 5 species model with similar initial
conditions, clearly showing a synchronous evolution. Note that the defect properties and dynamics are naturally as-
sociated to the coexistence between competing species in and around the cores (see Figs. 4 and 5 and the movie [39]
for the corresponding dynamics in three spatial dimensions).
In order to better understand the dynamics of string networks in the context of the spatial stochastic models
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Figure 5. Similar to Fig. 4, but now the snapshots were obtained from a mean field simulation of the 4 species model, after 1120, 1200, 1280 and
1360 generations.
Figure 6. Snapshots obtained after 2000, 4000 and 6000 generations (from left to right, respectively) of 10242 mean field (upper panels) and
stochastic (lower panels) string network simulations of the 5 species model, starting with similar initial conditions.
studied in this letter, we also consider the collapse of a circular string loop (see Fig. 7). The average number of
empty spaces per unit string length (µ) does not change significantly with time and, consequently, the loop perimeter
is approximately proportional to the total number of empty sites associated with it. Therefore the evolution of the
area a of the circle limited by the circular string loop can be measured by determining the variation of the number of
empty spaces associated with the loop. For this purpose we start by defining ϕ0(r, t) ≡ max
(
φ0(r, t) − φc0, 0
)
, where
φc0 represents a threshold which guarantees that only grid points with a high number density of empty sites, close to
the core of the string, are accounted for. The average number density of empty sites associated with the string is given
by ρ(t) = N−2
∑
r
ϕ0(r, t), with a ∝ ρ2. The time evolution of a for circular loops in models with 4 and 5 species
are shown in Fig. 8 for φc0 = 0.1 and φ
c
0 = 0.3. Note that both results a4S (N = 4) and a5S (N = 5) are only weakly
dependent on the threshold and agree with the theoretical relation a(t) = a0
(
1 − t
/
tc
)
, where a0 is the initial area and
tc is the collapse time (a0 is normalized to unity at the initial time t = 0). This evolution is analogous to that of the
area of the spherical interfaces studied in Ref. [18].
The characteristic length of a string network can be defined as L ≡ (µ/ρ)1/2 ∝ ρ−1/2. The average evolution
of L with time t was calculated by carrying out sets of 10 distinct two- and three-dimensional mean field network
simulations (10242 and 2563) with different initial conditions. Fig. 9 shows that the characteristic lengths L4S (4
species) and L5S (5 species) evolve in reasonable agreement with the scaling law L ∝ tλ, with λ = 1/2 (in all cases
the value of L was normalized to unity at t = 100). The results obtained by fiiting a L ∝ tλ to the data for t > 200
were λ = 0.41 ± 0.01 (N = 4, 2D), λ = 0.41 ± 0.02 (N = 5, 2D), λ = 0.45 ± 0.02 (N = 4, 3D), λ = 0.45 ± 0.02
(N = 5, 3D). Note that λ = 0.5 would only be expected in an ideal case of simulations with an infinite dynamical
resolution and dynamical range. Given the limited resolution and dynamical range of the simulations, the exponent
calculated from the simulations appears to be in reasonable agreement with the theoretical expectation (see [32–35]
for a detailed account of the connection between the L ∝ t1/2 scaling law for the dynamics of domain walls and strings
and mean field equations of motion of the form φ˙ = f (φ), where φ is a scalar field multiplet).
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Figure 7. Circular string loop in a model with 5 species.
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Figure 8. The time evolution of the area of circular strings for models N = 4 and N = 5 with the dashed lines representing the best fits.
The scaling law L ∝ t1/2 also describes the dynamics of non-relativistic string networks in condensed matter
and cosmology [36], in a friction dominated regime. The characteristic velocity of these string networks is given by
v = L/t ∝ t−1/2 ∝ L−1, thus leading to a string network evolution which slows down at a rate which is proportional to
the increase of the average radius of curvature of the strings.
4. Conclusions
The investigation presented in this paper represents a significant extension with respect to previous works, which
have mainly been focused on the dynamics of two-dimensional population domains. To the best of our knowledge,
this is the first time that string networks were shown to arise in the context of generalized Lotka-Volterra competition
models. Although string networks have been studied in detail in condensed matter and cosmology, we are not aware
of any previous three-dimensional studies/experiments on biological populations leading to string networks. We have
performed two- and three-dimensional stochastic and mean field theory simulations, showing that the coarsening
dynamics of these string networks appears to follow a scale-invariant evolution. A similar behavior is also found in
other physical systems, in particular in the case of the curvature driven dynamics of string networks in condensed
matter and cosmology.
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